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Abstract

We considetheproblemof estimatinghemodelcount(num-
berof solutions)of Booleanformulas,andpresentwo tech-
niguesthat computeestimatesof thesecounts, as well as
either lower or upperboundswith different trade-ofs be-
tweenefciency, boundquality, and correctnesguarantee.
For lower boundswe usea recentframework for probabilis-
tic correctnesguaranteesandexploit messag@assingech-
niguesfor mamginal probabilityestimationnamely variations
of Belief Propagtion (BP). Our resultssuggesthat BP pro-
videsusefulinformationeven on structuredoopy formulas.
For upperboundswe performmultiple runsof theMiniSat
SAT solver with a minor modi cation, and obtain statistical
boundson the modelcountbasedon the obserationthatthe
distribution of a certainquantityof interestis oftenvery close
to the normaldistribution. Our experimentsdemonstratéhat
our modelcounters BPCount andMiniCount , basedon
thesetwo ideascanprovide very goodboundsin time signif-
icantly lessthanalternatve approaches.

Intr oduction

The model counting problemfor Booleansatis ability or
SAT is the problemof computingthe numberof solutions
or satisfyingassignmentfor a given Booleanformula. Of-
ten written as#SAT, this problemis #P-completgValiant
1979 andis widely believedto be signi cantly harderthan
the NP-completeSAT problem,which seeksan answerto
whetheror not the formulain satis able. With theamazing
adwancedn the effectivenessof SAT solverssincethe early
90's, thesesolvershave cometo becommonlyusedin com-
binatorialapplicationareadik e hardwareandsoftwarever
i cation, planning,anddesignautomation. Ef cient algo-
rithmsfor #SAT will furtheropenthedoorsto awhole new
rangeof applicationsmostnotably thoseinvolving proba-
bilistic inference(Roth 199§ Littman, Majercik, & Pitassj
2001, Park, 2002 BacchuspPalmao,& Pitassj 2003 Sang,
Beame & Kautz 2005 Darwiche 20095.

A numberof differenttechnique$or modelcountinghave
beenproposedverthelastfew years.For example Relsat
(BayardoJr. & Pehoushek2000 extendssystematicSAT
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solversfor modelcountingandusescomponentnalysisfor
efciency, Cachet (Sangetal., 2004 addscachingschemes
to this approach,c2d (Darwiche 2004 corverts formu-
las to the d-DNNF form which yields the model countas
a by-product, ApproxCount (Wei & Selman 2005 and
SampleCount (Gomesetal., 2007) exploit samplingtech-
niguesfor estimatingthe count, MBound (Gomes,Sabhar
wal, & Selman2006 reliesonthepropertieof randompar
ity or XOR constraintgo produceestimatesvith correctness
guaranteesand the recently introduced SampleMinisat
(Gogate & Dechter 2007 usessamplingof the backtrack-
free searchspaceof systematicSAT solvers. While all of
theseapproache$ave their own advantagesand strengths,
thereis still muchroomfor improvementin the overall scal-
ability andeffectivenesof modelcounters.

We proposetwo new techniquedor modelcountingthat
leveragethe strengthof messagepassingand systematic
algorithmsfor SAT. The rst of theseyields probabilistic
lower boundson the modelcount,andfor the secondwve in-
troducea statisticalframework for obtainingupperbounds.

The rst method,which we call BPCount, builds upona
successfuapproachor modelcountingusinglocal search,
called ApproxCount . The ideais to efciently obtaina
rough estimateof the “marginals” of eachvariable: what
fraction of solutionshave variablex setto TRUE andwhat
fraction have x setto FALSE? If this informationis com-
putedaccuratelyenoughit is sufcient to recursvely count
the numberof solutionsof only one of Fjx andFj. «, and
scalethe countup appropriately This techniques extended
in SampleCount , which addsrandomizatiorto this process
and provides lower boundson the model countwith high
probability correctnesguaranteesi-or both ApproxCount
andSampleCount , truevariablemaminalsareestimatedy
obtainingseveral solutionsampleausinglocal searchtech-
niguessuchasSampleSat (Wei, Erenrich,& Selman2004)
andcomputingmamginalsfrom the samplesIn mary cases,
however, obtainingmary nearuniformsolutionsample<an
be costly andonenaturallyaskswhethertherearemoreef-
cient waysof estimatingvariablemamginals.

Interestingly the problem of computing variable
mauginalscanbe formulatedasa key questionin Bayesian
inference, and the Belief Propagtion or BP algorithm
(Pear| 1988, atleastin principle, providesus with exactly
thetool we need. The BP methodfor SAT involvesrepre-



sentingthe problemasa two-layerfactorgraphandpassing
“messages”back-and-forthbetweenvariable and clause
nodesuntil a x ed point is reached. This processis cast
as a set of mutually recursve equationswhich are solved
iteratively. Fromthe x edpoint, onecaneasilycomputejn

particular variablemarginals.

While this soundsencouragingtherearetwo immediate
challengesn applyingthe BP framewnork to model count-
ing: (1) quite oftenthe iterative processor solving the BP
equationgdoesnot convergeto a x ed point, and(2) while
BP provably computesxactvariablemamginalson formulas
whoseconstraintgraph has a tree-like structure(formally
de ned later), its mamginalscansometimese substantially
off on formulaswith a richer interactionstructure. To ad-
dressthe rst issue,we usea “messagedamping”form of
BP which hasbetterconvergenceproperties(inspiredby a
dampedversionof BP dueto Pretti (2009). For the sec-
ondissue,we add“safety checks"to preventthe algorithm
from runninginto a contradictionby accidentallyeliminat-
ing all assignments$.Somevhatsurprisingly avoiding these
rarebut fatalmistakesturnsoutto besufcient for obtaining
very closeestimatesandlower boundsfor solutioncounts,
suggestinghatBP doesprovide usefulinformationevenon
highly structuredoopy formulas. To exploit this informa-
tion even further, we extendthe frameavork borroved from
SampleCount with the useof biasedcoinsduringrandom-
izedvalueselection.

The modelcountcan,in fact, also be estimateddirectly
from just one x ed point run of the BP equationspy com-
puting the value of so-calledpartition function (Yedidia,
Freemang& Weiss 2005. In particular this approactcom-
putesthe exact modelcounton tree-like formulas,and ap-
pearedto work fairly well on randomformulas. However,
the count estimatedhis way is often highly inaccurateon
structuredoopy formulas.BPCount, aswe will seemakes
amuchmorerobustuseof theinformationprovided by BP.

The secondmethod,which we call MiniCount , exploits
the power of modernDPLL (Davis & Putnam 196Q Davis,
Logemann,& Loveland 1962 basedSAT solvers, which
are extremely good at nding single solutionsto Boolean
formulasthroughbacktracksearct? The problemof com-
puting upperboundson the modelcounthasso far eluded
solutionbecausef anasymmetrywhich manifeststself in
at leasttwo inter-relatedforms: the setof solutionsof in-
terestingN variableformulastypically forms a minuscule
fractionof thefull spaceof 2N variableassignmentsandthe
applicationof Markov'sinequalityasin SampleCount does
not yield interestingupper bounds. Note that systematic
modelcounterdike Relsat andCachet canalsobeeasily
extendedo provide anupperboundwhenthey time out (2N
minusthe numberof non-solutionsencountered)but these
boundsare uninterestingbecauseof the above asymmetry
To addresghis issue,we develop a statisticalframewvork

1 A tangentialapproactfor handlingsuchfatal mistalesis in-
corporatingBP asa heuristicwithin backtracksearchwhich our
resultssuggeshasclearpotential.

2 Gocpte & Dechter(2007) have recentlyindependentlypro-
posedthe useof DPLL solversfor modelcounting.

which lets us computeupperboundsundercertainstatisti-
cal assumptionswhich areindependentlyalidated.To the
bestof our knowledge, this is the rst effective and scal-
ablemethodfor obtaininggoodupperboundson the model
countsof formulasthatarebeyondthereachof exactmodel
counters.

More speci cally, we describehown the DPLL-based
solver MiniSat  (Eén & Sdrensson2005, with two mi-
nor modi cations, can be usedto estimatethe total num-
ber of solutions. The numberd of branchingdecisiongnot
counting unit propagtions and failed branches)madeby
MiniSat beforereachinga solution, is the main quantity
of interest: whenthe choicebetweensettinga variableto
TRUE or to FALSE is randomized the numberd is prov-
ably notary lower, in expectation thanlog,(modelcouny.
This providesa stratgy for obtainingupperboundson the
modelcount,only if onecould ef ciently estimatethe ex-
pectedvalue, E[d], of the numberof suchbranchingdeci-
sions.A naturalway to estimateE [d] is to performmultiple
runsof therandomizedsolver, and computethe averageof
d overtheseruns.However, if theformulahasmary “easy”
solutions(found with a low value of d) and mary “hard”
solutions,the limited numberof runsonecanperformin a
reasonablamountof time may be insufcient to hit mary
of the “hard” solutions,yielding too low of an estimatefor
E [d] andthusanincorrectupperboundon the modelcount.

Interestinglywe show thatfor mary familiesof formulas,
d hasadistribution thatis very closeto the normaldistribu-
tion. Underthe assumptiorthatd is normally distributed,
whensamplingvariousvaluesof d throughmultiple runsof
the solver, we neednot necessarilyencountehigh valuesof
d in orderto correctlyestimateE [d] for anupperbound.In-
steadwe canrely on statisticaltestsandconserative com-
putations(Thode 2002 Zhou & Sujuan 1997 to obtaina
statisticalupperboundon E[d] within ary speci ed con -
denceinterval.

We evaluatedour two approachesn challengingformu-
las from several domains. Our experimentswith BPCount
demonstratacleargainin ef ciency, while providing much
higherlower boundcountsthanexactcountergwhich often
run out of time or memory)and competitve lower bound
guality comparedo SampleCount . For example,the run-
time on several dif cult instancedrom the FPGA routing
family with over 1010 solutionsis reducedirom hoursfor
both exact countersand SampleCount to just a few min-
uteswith BPCount. Similarly, for random3CNFinstances
with around 10?° solutions, we seea reductionin com-
putationtime from hours and minutesto seconds. With
MiniCount , we areableto provide goodupperboundson
the solutioncounts,oftenwithin secondsndfairly closeto
the true counts(if known) or lower bounds. Theseexperi-
mentalresultsattestto the effectivenessf thetwo proposed
approache# signi cantly extendingthe reachof solution
counterdor hardcombinatoriaproblems.

3 MiniSat by defaultalwayssetsvariablesto FAL SE.



Notation

A Booleanvariablex; is onethatassumesa valueof eitherl
or O (TRUE or FAL SE, respectrely). A truthassignmenfor a
setof Booleanvariableds amapthatassigneachvariablea
value.A BooleanformulaF overasetof n suchvariabless
a logical expressionover thesevariables,which represents
afunction f : f0;1g" ! f0;1g determinedoy whetheror
not F evaluatesto TRUE undera truth assignmenfor then
variables.A specialclassof suchformulasconsistf those
in the Conjunctve Normal Formor CNF: F (Iq1_ @i
lue ) ™ oo™ (a2 Imky,) » Whereeachliteral |y is oneof
the variablesx; or its negation: x;. Eachconjunctof such
aformulais calleda clause.We will be working with CNF
formulasthroughouthis paper

The constraintgraphof a CNF formula F hasvariables
of F asverticesandanedgebetweertwo verticesif both of
the correspondingariablesappearogetherin someclause
of F. Whenthis constraintgraphhasno cycles(i.e., it is a
collection of disjoint trees),F is calleda tree-like or poly-
treeformula.

The problemof nding a truth assignmenfor which F
evaluatego TRUE is known asthepropositionalsatis ability
problem,or SAT, andis thecanonicaNP-completgroblem.
Suchanassignmenis calledasatisfyingassignmenér aso-
lution for F. In this paperwe areconcernedvith the prob-
lem of countingthe numberof satisfyingassignmentfor a
given formula, knowvn asthe propositionalmodelcounting
problem.This problemis #P-completdValiant 1979.

Lower BoundsUsing BP Mar ginal Estimates

In this section,we develop a methodfor obtaininglower
boundson the solutioncountsof a given Booleanformula,
usingtheframewvork recentlyusedin the SAT modelcounter
SampleCount (Gomesetal., 2007). Thekey differencebe-
tweenour approactandSampleCount is thatinsteadof re-
lying on solutionsampleswe usea variantof belief prop-
agation to obtain estimatesof the fraction of solutionsin
which agivenvariableappeargpositively. We call this algo-
rithm BPCount . After describingthe basicmethod,we will
discusstwo techniqueghat often signi cantly increasethe
effectivenessof BPCount in practice,namely biasedvari-
ableassignmentandsafetychedks

Counting using BP: BPCount

We begin by recapitulatingheframework of SampleCount
for obtaininglower boundmodel countswith probabilistic
correctnesguaranteesA variableu will becalledbalanced
if it occursequallyoften positively andnegatively in all so-
lutions of thegivenformula. In generalthe marginal prob-
ability of u beingTRUE in the setof satisfyingassignments
of a formulais the fraction of suchassignmentsvhereu =
TRUE. Notethatcomputingthe maginalsof eachvariable,
andin particularidentifying balancedr nearbalancedsari-
ables,is quite non-trivial. The modelcountingapproaches
we describeattemptto estimatesuchmaiginalsusingindi-
recttechniquessuchassolutionsamplingor iterative mes-
sagepassing.

Given a formula F and parameters;z2 Z*;a > 0,
SampleCount performst iterations, keepingtrack of the
minimum count obtainedover theseiterations. In eachit-
eration,it samples solutionsof (potentiallysimpli ed) F,
identi es themostbalancedsariableu, uniformly randomly
setsu to TRUE or FALSE, simpli es F by performingary
possibleunit propagtions,andrepeatsheprocessTherep-
etition endswhenF is reducedo a sizesmallenoughto be
feasiblefor exactmodelcounterdik e Cachet . At thispoint,
let s denotethe numberof variablesrandomlysetin this it-
erationbeforehandingtheformulato Cachet , andlet M%be
themodelcountof theresiduaformulareturnedoy Cachet .
The count for this iterationis computedto be 25 2 MO
(wherea is a “slack” factorpertainingto our probabilistic
con dencein thebound).Here25 canbe seenasscalingup
theresidualcountby afactorof 2 for every uniformrandom
decisionwe madewhen xing variables. After thet itera-
tionsareover, the minimum of the countsover all iterations
is reportedas the lower boundfor the model countof F,
andthe correctnesson denceattachedo this lower bound
is1 2 2. This meanshatthe reportedcountis a correct
lower boundwith probabilityl 2 2t

The performanceof SampleCount is enhancedy also
consideringbalancedariablepairs(v; w), wherethebalance
is measuredsthedifferencen thefractionsof all solutions
in whichv andw appeamith thesamesignvs. with different
signs.Whena pair is morebalancedhanary singleliteral,
the pair is usedinsteadfor simplifying the formula. In this
case,we replacew with v or : v uniformly at random. For
easeof illustration, we will focushereonly on identifying
andrandomlysettingbalancedr nearbalancedrariables.

The key obsenration in SampleCount is that whenthe
formulais simpli ed by repeatedlyassigninga positive or
negative polarity to variables, the expectedvalue of the
countin eachiteration, 25 MO (ignoring the slack factor
a), is exactly the true modelcountof F, from which lower
boundguarantee$ollow. We referthe readerto Gomeset
al. (2007 for details.Informally, we canthink of whathap-
penswhenthe rst suchbalancedsariable,sayu, is setuni-
formly atrandom.Let p2 [0; 1]. Supposé hasM solutions,
Fju haspM solutions,andFj. , has(1 p)M solutions.Of
coursewhensettingu uniformly atrandom,we don't know
the actualvalueof p. Nonethelesswith probability a half,
wewill recursvely countthesearctspaceawith pM solutions
andscaleit up by afactorof 2, giving anetcountof pM:2.
Similarly, with probability a half, we will recursively geta
netcountof (1 p)M:2 solutions. On average,this gives
5:pM:2+15:(1 p)M:2= M solutions.

Interestingly the correctnesgguaranteeof this process
holdsirrespectve of how goodor badthesamplesare. How-
ever, when balancedvariablesare correctly identi ed, we
hase p % in the informal analysisabove, so that for
bothcoin ip outcomeswe recursvely searcha spacewith
roughly M=2 solutions. This reduceghe variancetremen-
dously which is crucial to makingthe processeffective in
practice. Note thatwith high variance the minimum count
overt iterationsis likely to be muchsmallerthanthe true
count;thushighvariancdeadsto poorquality lowerbounds.

Theidea of BPCount is to “plug-in” belief propagation



methodsn placeof solutionsamplingin the SampleCount
framavork, in orderto estimate’ p” in theintuitive analysis
above and,in particular to helpidentify balancedsariables.
As it turnsout, a solutionto the BP equationgPear| 1988
providesexactly whatwe need:anestimateof themarginals
of eachvariable.Thisis analternatve to usingsamplingfor
this purposeandis often ordersof magnitudefaster One
bottleneckhowever, is thatthe basicbelief propagtionpro-
cessis iterative and doesnot even corverge on mostfor-
mulasof interest. We thereforeusea “messagedamping”
variantof standardBP, very similar to the oneintroduced
by Pretti(2009. Thisvariantis parameterizetly k 2 [0; 1],
andhasthe propertythatask decreasefom 1 to 0, thedy-
namicsof the equationgyo from standardBP to a damped
variantwith assurecconvergence. We useits outputasan
estimateof themaiginalsof thevariablesn BPCount. Note
thatthereareseveralvariantsof BP thatassurecorvergence,
suchasby Yuille (2002 andHsu & Mcllraith (2006; we
chosethe“k” variantbecausef its goodscalingbehaior.
Given this processof obtainingmaginal estimatefrom
BP, BPCount worksalmostexactly like SampleCount and
providesthe sameower boundguarantees.
Using Biased Coins. We canimprove the performanceof
BPCount (andalsoof SampleCount ) by usingbiasedvari-
ableassignmentsTheideahereis thatwhen xing variables
repeatedlyn eachiteration,thereis noneedto uniformly set
thevariableto TRUE or FALSE. The correctnesguarantees
still hold even if we usea biasedcoin and setthe chosen
variableu to TRUE with probability q andto FALSE with
probabilityl q, for ary q2 (0;1). Usingearliernotation,
this leadsus to a solution spaceof size pM with probabil-
ity g andto a solution spaceof size(1 p)M with prob-
ability 1 g. Now, insteadof scalingup with a factor of
2 in both caseswe scaleup basedon the bias of the coin
used. Speci cally, with probability g, we go to one part
of the solutionspaceandscaleit up by 1=q, andsimilarly
for 1 g. Thenetresultis thatin expectation,we still get
gpM=g+ (1 q):(1 pM=1 qg) = M solutions. Fur
ther, the varianceis minimizedwhenq is setto equalp; in
BPCount, q is setto equalthe estimateof p obtainedusing
the BP equations.To seethatthe resultingvarianceis min-
imized this way, notethatwith probability g, we geta net
countof pM=q, andwith probability (1 q), we geta net
countof (1 p)M=(1 q); thesebalanceout to exactly M
in eithercasewhenqg= p. Hence whenwe have con dence
in thecorrectnessf theestimate®f variablemaminals(i.e.,
p here),it provably reducevarianceto useabiasedcointhat
matcheghe maiginal estimate®f the variableto be x ed.
Safety Checks. Oneissuethatariseswhenusing BP tech-
niguesto estimatemaiginalsis that the estimatesjn some
case,may be far off from the true mamginals. In the worst
caseavariableu identi ed by BP asthemostbalancednay
in factbe a backbonevariablefor F, i.e., may only occug
say positivelyin all solutionsto F. Settingu to FAL SE based
ontheoutcomeof thecorrespondingoin ip thusleadsone
to a partof the searchspacewith no solutionsat all, sothat
thecountfor thisiterationis zero,makingtheminimumover
t iterationszeroaswell. To remedythis situation,we use
safetychecksusing an off-the-shelf SAT solver (Minisat

or Walksat (SelmanKautz,& Cohen 1996 in ourimple-
mentation)pefore xing thevalueof ary variable. Theidea
is to simply checkthatu canbesetbothwaysbefore ipping
therandomcoinand xing uto TRUE or FALSE. If Minisat
nds, e.g.,thatforcing u to be TRUE makestheformulaun-
satis able,we canimmediatelydeduceu = FALSE, simplify
theformula,andlook for a differentbalancedsariable. This
safetycheckpreventsBPCount from reachingthe undesir
ablestatewherethereareno remainingsolutionsatall.

In fact, with the additionof safetycheckswe foundthat
the lower boundson model countsobtainedfor somefor-
mulasweresurprisinglygoodeven whenthe mamginal esti-
mateswere generategurely at random,i.e., without actu-
ally runningBP. This canperhapseexplainedby theerrors
introducedat eachstepsomeha cancelingout when sev-
eralvariablesare x ed.With theuseof BP, thequality of the
lower boundswassigni cantly improved, shaving that BP
doesprovide useful information aboutmaiginals even for
loopy formulas. Lastly, we note that with SampleCount ,
the externalsafetycheckcanbe conseratively replacedy
simply avoiding thosevariablesthat appearto be backbone
variablesfrom the obtainedsamples.

Upper Bound Estimation

We now describeanapproachor estimatinganupperbound
onthenumberof solutionsof aformula. We usethereason-
ing discussedor BPCount, and apply it to a DPLL style
searclprocedureThereis animportantdistinctionbetween
the natureof the boundguaranteepresentechereandear
lier: herewe will derive statisticalguaranteegas opposed
to probabilisticguarantees)and their quality may depend
on the particularfamily of formulasin question.The appli-
cability of themethodwill alsobedeterminedy astatistical
test,which succeedeth mostof our experiments.

Counting using Backtrack Search: MiniCount

For BPCount, we useda backtrack-lesdranchingsearch
processwith a randomoutcomethat, in expectation,gives
the exact numberof solutions. The ability to randomlyas-
signvaluesto selectedrariableswascrucialin this process.
Herewe extendthe sameline of reasoningo a searchpro-
cesswith backtrackingandarguethatthe expectedvalueof
the outcomeis an upperboundon the true count. We ex-
tendthe MiniSat  SAT solver (Eén & Sbrensson200§ to
computetheinformationneededor upperboundestimation.
MiniSat is a very efcient SAT solver employing con ict
clausdearningandotherstate-of-the-atiechniquesandhas
oneimportantfeaturehelpful for our purposeswheneer it
chooses variableto branchon, it is left unspeci edwhich
valueshouldthe variableassumerst. Onepossibilityis to
assignthe value TRUE or the value FALSE randomlywith
equalprobability SinceMiniSat doesnot useary infor-
mationaboutthe variableto determinethe mostpromising
polarity, this randomassignmenin principle doesnotlower
MiniSat 'spower.

Algorithm MiniCount Given a formula F, run the
MiniSat algorithmwith no restarts choosinga value for
avariableuniformly at randomat eachchoicepoint (option



-polarity-mode=rnd ). Whena solutionis found, output
29 whered is thenumberof choicepointson the pathto the
solution(the nal decisionlevel), notcountingthosechoice
pointswherethe otherbranchfailedto nd asolution.

TherestrictionthatMiniCount  cannotuserestartds the
only changeto the solver. This limits somevhatthe range
of problemsMiniCount canbeappliedto comparedo the
original MiniSat , butis acrucialrestrictionfor the guaran-
teeof anupperbound(asexplainedbelan). We foundthat
MiniCount is still efcient on a wide rangeof formulas.
SinceMiniCount  is aprobabilisticalgorithm,its output,29,
onagivenformulaF is arandomvariable. We denotethis
randomvariable by #Fvinicount: @nd use#F to denotethe
true numberof solutionsof F. The following proposition
formsthebasisof our upperboundestimation.

Proposition1. E[#Fuinicount]  #F.

Proof. The proof follows a similar line of reasoningasfor
BPCount, andwe give a sketchof it. Notethatif no back-
trackingis allowed (i.e., the solver reports0O solutionsif it
nds a contradiction),the resultfollows, with strict equal-
ity, from the proof that BPCount (or SampleCount ) pro-
vides accuratecountsin expectation. We will showv that
the additionof backtrackingcanonly increasethe value of
E [#Fwvinicount, by looking at its effect on ary choicepoint.
Letu beary choicepointvariablewith atleastonesatis able
branchin its subtreeandlet M be the numberof solutions
in the subtreewith pM in theleft branch(whenu = FALSE)
and(1 p)M in theright branch(whenu = TRUE). If both
branchesunderu aresatis able, thenthe expectednumber
of solutionscomputedatuis =:pM:2+ 5:(1  p)M:2= M,
whichis the correctvalue. However, if eitherbranchis un-
satis able, thentwo things might happen:with probability
half the searchprocesawill discover this fact by exploring
the contradictorybranch rst andu will notbe countedasa
choicepointin the nal solution(i.e., its multiplier will be
1), andwith probability half this factwill go unnoticedand
u will retainits multiplier of 2. Thusthe expectednumber
of reportedsolutionsatu is %:M:2+ 1=:M = 3M, whichis
no smallerthanM. This nishes theproof. O

Thereasorrestartsarenot allowedin MiniCount  is ex-
actly Propositionl. With restartsonly solutionsreachable
within the current setting of the restartthresholdcan be
found. This biasesthe searchtowards“easier” solutions,
sincethey aregivenmoreopportunitiedo befound. For for-
mulaswhereeasiersolutionslie on pathswith fewer choice
points,MiniCount  with restartscould undercounaindthus
not provide anupperboundin expectation.

With enoughrandom sample outputs, #Fvinicount, Ob-
tainedfrom MiniCount , their averagevaluewill eventually
converge to E [#Fvinicound by the Law of Large Numbers,
therebyproviding anupperboundon#F becausef Proposi-
tion 1. Unfortunatelyproviding ausefulcorrectnesguaran-
teeon suchanupperboundin a mannersimilar to thelower
boundsseenearlierturnsout to be impractical,becausghe
resultingguaranteespbtainedusinga reversevariantof the
standardviarkov'sinequality aretooweak. Further relying

onthesimpleaverageof the obtainedoutputsamplesmight
alsobemisleadingsincethedistribution of #Fyinicount is Of-
tenheavy tailed,andit mighttake very mary sampledor the
samplemeanto becomeaslarge asthetruesolutioncount.

Estimating the Upper Bound

In this section,we develop an approactbhasedon statistical
analysisof the sampleoutputsthat allows oneto estimate
the expectedvalue of #Fvinicount, andthusan upperbound
with statisticalguaranteesysinga relatively small number
of samples.

Assumingthe distribution of #Fyinicount iS known, the
samplesanbe usedto provide anunbiasedestimateof the
mean alongwith con denceintervalsonthis estimate This
distribution is of coursenot knovn andwill vary from for-
mulato formula, but it canaggin beinferredfrom the sam-
ples. We obsered thatfor mary formulas,the distribution
of #Fwminicount IS Well approximatedy alog-normaldistribu-
tion. Thuswe develop the methodunderthe assumptiorof
log-normality andincludetechniquego independentlyest
this assumptionThe methodhasthreesteps:

1. Generata independensamplesrom #Fyinicount by run-
ning MiniCount  n timeson thesameformula.

2. Testwhetherthe samplescomefrom a log-normaldistri-
bution (or adistribution sufciently similar).

3. Estimatethe true expectedvalue of #Fyinicount from the
samplesandcalculatethe (1 a)% con denceintenal
for it, usingthe assumptiorthat the underlyingdistribu-
tion is log-normal.We setthe con dencelevel a to 0:01,
and denotethe upperboundof the resultingcon dence
interval by Crmax.

This process,someof whosedetailswill be discussed
shortly, yields an upperboundcnax alongwith a statistical
guaranteg¢hatCmnax  E[#Fminicound @ndthuscmayx  #F:

Pricmax #F] 1 a

The caveatin this statemen{and, in fact, the main differ-
encefrom the similar statemenfor the lower boundsfor
BPCount givenearlier)is thatit is trueonly if ourassump-
tion of log-normalityholds.

We now describemethodsfor testingthe log-normality
assumptiorandcalculatingthe cmax Value.

Testingfor Log-Normality. By de nition, a randomvari-
able X hasalog-normaldistribution if the randomvariable
Y = logX hasanormaldistribution. Thusa testwhetherY
is normallydistributedcanbeused andwe usethe Shapiro-
Wilk test(cf. Thode 2002 for this purpose. In our case,
Y = log(#Fvinicount) andif the computedp-valueof thetest
is belov thecon dencelevel a = 0:05, we concludethatour
samplesdo not comefrom alog-normaldistribution; other
wise we assumehat they do. If the testfails, thenthere
is sufcient evidencethatthe underlyingdistribution is not
log-normal,and the con denceinterval analysisto be de-
scribedshortly will not provide ary statisticalguarantees.
Notethatnon-failure of thetestdoesnot meanthatthe sam-
plesare actuallylog-normallydistributed,but inspectinghe



Quantile-Quantileplots (QQ-plots) often supportsthe hy-
pothesisthat they are. QQ-plotscomparesampledquan-
tileswith theoreticafjuantilesof thedesiredlistribution: the
morethe samplepointsalign on aline, the morelikely it is
thatthe datacomesfrom thedistribution.
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Figure 1: Sampled quantiles and theoretical quan-
tiles for formulas describedin the experimental sec-
tion (left: alu2 _gr rcs w8, langl9 ; right: 2bitmax 6,
wff-3-150-525  , Isl1-norm ).

We found that a surprising number of formulas had
log, (#Fminicount) Very closeto being normally distributed.
Figure 1 shovs normalized QQ-plots for dwinicount =
[0, (#Fminicount)  Obtained from 100 to 1000 runs of
MiniCount  on variousfamilies of formulas (discussedn
the experimentalsection). The top-left QQ-plot shavs the
bestt of normalizeddwinicount (Obtainedby subtractinghe
averageanddividing by the standarddeviation) to the nor-
mal distribution: (normalizeddwinicount = d) p%pe =2,
The “supernormal'and “subnormal'lines shov thatthe t
is muchworsewhenthe exponentof d is, for example,1:5
or 2.5. The bottom-left plot shavs that the corresponding
domain(Langford problems)is somevhat on the borderof
beinglog-normallydistributed,whichis re ectedin our ex-
perimentaresultsto be describedater.

Note that the natureof statisticaltestsis suchthatif the
distribution of E [#Fwvinicount] iS Not exactly log-normal,ob-
taining more and more sampleswill eventuallyleadto re-
jectingthelog-normalityhypothesis For mostpracticalpur-
posespeing“close” to log-normallydistributedsufces.

Con dence Interval Bound. Assumingthe outputsamples
from MiniCount  f 01;:::;0n,g comefrom alog-normaldis-

tribution, we usethemto computea numbercmax, anupper
boundof thecon denceinterval for themeanof #Fwinicount.
An exact methodfor computingthe con denceinterval of
the meanof a log-normaldistribution is complicated,and
seldomusedin practice.We usea conserative boundcom-
putationdescribedby Zhou & Sujuan(1997. The upper
boundis computedasfollows: lety; = log(oi),y= &ML,y
denotehesamplemeanands?= -1 a1, (yi V)?thesam-
ple variance.Thentheupperboundis constructeds
S

C —_+§+ n1 1 f 1+§
mx= YT ST im0 2 2

where c2(n 1) is the a-percentile of the chi-square
distribution with n 1 degreesof freedom. This ap-
proximate bound is conserative, that is we do have
Pricmax E[#Fminicound] 1 a, but may not be astight
astheexactboundfor the con denceinterval.

Themainassumptiorof themethoddescribedn this sec-
tion is that the distribution of #Fyinicount can be well ap-
proximatedby a log-normal. This, of course,dependson
thenatureof the searchspaceof MiniCount  onaparticular
formula. As notedbefore,the assumptiormay sometimes
beincorrect. In particular onecanconstructa pathological
searchspacewherethe reportedupperboundwill be lower
thanthe actualnumberof solutions. Considera problemP
thatconsistof two non-interactingsubproblem$; andP,
whereit is sufcient to solve eitheroneof themto solve P.
SupposeP; is very easyto solwe (e.g.,requiresfew choice
pointsthatareeasyto nd) comparedo P,, andP; hasvery
few solutionscomparedo P,. In sucha case MiniCount
will almostalwayssolve P; (andthusestimatethe number
of solutionsof Pp), which would leave an arbitrarily large
numberof solutionsof P, unaccountedor. This situation
violatesthe assumptiorthat#Fvinicount IS 10g-normallydis-
tributed, but it may be left unnoticed. This possibility of a
falseupperboundis a consequencef theinability to prove
from samplesthat a randomvariableis log-normally dis-
tributed(it is only possibleto disprove this assertion).For-
tunately as our experimentssuggestthis situationis rare
anddoesnot arisein mary real-world problems.

Experimental Results

We conducted experiments with BPCount as well as
MiniCount , with the primary focus on comparingthe re-
sultsto exact countersandthe recentSampleCount algo-
rithm providing probabilisticallyguaranteedower bounds.
We useda clusterof 3.8 GHz Intel Xeoncomputersunning
Linux 2.6.9-22.ELsmp.The time limit wassetto 12 hours
andthememorylimit to 2 GB.

We considerproblemsfrom ve differentdomainsmary
of which have previously beenusedasbenchmarks$or eval-
uating model counting techniques: circuit synthesis,ran-
domk-CNF, Latin squareconstructionlangfordproblems,
and FPGA routing instancesrom the SAT 2002 competi-
tion. Theresultsaresummarizedn Tablel. The columns
shav the performanceof BPCount and MiniCount , com-
paredagpinstthe exactsolutioncountersRelsat , Cachet ,



Table 1: Performancef BPCount andMiniCount . [R] and[C] indicatepartial countsobtainedfrom Cachet andRelsat ,
respectrely. c2d wasslowerfor the rst instanceandexceededhe memorylimit of 2 GB for therest. Runtimeis in seconds.

Cachet /Relsat /c2d SampleCount BPCount MiniCount
#of  TrueCount (exactcounters) (99%con dence) (99%con dence) S-w (99%con dence)
Instance vars  (if known) Models Time LWR-bound Time LWR-bound  Time | Test Average UPR-bound Time
CIRCUIT SYNTH.
2bitmax6 252 21 1029 21 1029  2sedd | 24 10?8  29sec|| 28 10?8 5sec| P 35 1030 43 1032 2sec
RANDOM k-CNF
Wff-3-3.5 150 14 104 14 104  7min® | 16 103 4min 16 101 3sec| P 43 1014 6:7 1015 2sec
wff-3-1.5 100 18 1021 18 121 3hd9 | 16 1020 4min 10 1020 1sec| P 12 1021 48 1022 2sec
Wff-4-5.0 100 — 10 1014 12nd9 | g0 1010 2min || 20 101% 2sec| P 28 1016 57 1028 2sec
LATIN SQUARE
ls8norm 301 54 1011 17 18 12nd® | 31 1010 1omin|| 19 1010  12sec| P 64 1012 18 104 2sec
ls9-norm 456 38 107 || 70 107  12hd® | 14 1015 32min|| 10 1016  11sec| P 69 1018 21 1021 3sec
Islo-norm 657 76 1024 | &1 107  12nd® | 27 1021 omin| 10 1023  22sec| P 43 1026 70 1030 7sec
lsil-norm 910 54 1033 | 47 107  12hd® | 12 1630  69min|| 64 1030  1min| P 17 1034 56 100  35sec
Is12-norm 1221  — 46 107 12hrdRl 6.9 1037 50 min 2.0 1041 70sec| P 91 10% 36 1002 4 min
Is13-norm 1596  — 21 107 12 hrdRl 30 1079 67min 40 1004 emin | P 10 1054 86 1009 42min
Isl4-norm 2041 — 2:6 107 12 hrdRl 9.0 1060 44min 1.0 1087 amin | P 32 1083 1.3 1086 75hrs
LANGFORD PROBS.
lang-2-12 576 1.0 10° 10 10° 15min® | 43 103 2min|| 23 103 50sec 52 10° 10 10/  2.5sec
lang-2-15 1024 30 107 18 10° 12hed® | 10 108 60min|| 55 10° imin | P 10 108 90 108 8sec
lang-2-16 1024 32 108 18 100 12hd® | 10 108 65min || 32 10° 1min 11 1010 11 1010 7.3sec
lang-2-19 1444 21 10tl|| 24 105 12hdR| 33 100 62min || 47 10’  26min 14 1010 67 1012 37sec
lang-220 1600 26 10%2| 15 106 12hdR | 58 100 samin || 71 104 22min | P 14 1012 94 1012 3min
lang-2-23 2116 37 10| 12 10° 12hd®| 16 1011 85min|| 15 10°  15min 35 1012 14 1013 23min
lang-2-24 2304 — 41 10 12hrdR | 41 1013 somin|| 89 107  18min 27 1013 19 1018 25min
FPGATrouting (SAT2002)
ape7*w5 1983 — 45 1047  12hedR | 88 1085  20min|| 30 182  3min | © 73 109 59 10105  2min
g9symml* w6 2604  — 50 1030  12ndR | 26 1047 6hrs|| 1.8 1%  emin | P 33 1058 58 104  24sec
c88Q* w7 4592  — 14 1008 2R | 23 1273 shis|| 79 10253 18min | P 10 10?64 63 10326 26sec
alu2* w8 4080 — 18 106  12nd® | 24 10220 143min|| 20 10205 16min | P 14 10220 72 10258  16sec
vda* w9 6498 — 14 1088 12nd® | 14 10326 1inrs| 38 10289 semin | P 16 10395 25 10399  42sec

andc2d (we reportthe bestof the threefor eachinstance;
for all butthe rst instancec2d exceededhememorylimit)
andSampleCount . Thetableshavsthereportedboundson
themodelcountsandthe correspondinguntimein seconds.

For BPCount, the dampingparametesetting(i.e., the k
value)we usefor the dampedBP maiginal estimatoris 0:8,
0:9, 0:9, 0:5, and either 0:1 or 0:2 for the ve domains,
respectrely. This parameteiis chosen(with a quick man-
ual search)as high as possibleso that BP corvergesin a
few secondor less. The exact counterCachet is called
whenthe formulais sufciently simpli ed, which is when
50 to 500 variablesremain,dependingon the domain. The
lower boundson the model count are reportedwith 99%
con dence. We seethat a signi cant improvementin ef-
ciency is achieved when the BP mamginal estimationis
usedthroughBPCount , comparedo solutionsamplingasin
SampleCount (alsorun with 99% correctnesgon dence).
For the smallerformulasconsideredthe lower boundsre-
portedby BPCount borderthe true modelcounts. For the
larger onesthat could only be countedpartially by exact
countersn 12hours,BPCount gave lowerboundcountsthat
arevery competitve with thosereportedoy SampleCount ,
while the runningtime of BPCount is, in generalanorder

of magnituddower thanthatof SampleCount , oftenjusta
few seconds.

For MiniCount , we obtainn = 100 samplesof the es-
timated countfor eachformula, and usetheseto estimate
the upperboundstatisticallyusingthe stepsdescribedear
lier. Thetestfor log-normalityof the samplecountsis done
with arejectionlevel 0:05, thatis, if the Shapiro-Wk test
reportsp-valuebelow 0:05, we concludethe samplesio not
comefrom alog-normaldistribution, in which caseno up-
perboundguaranteegare provided (MiniCount is “unsuc-
cessful”). Whenthe testpassedthe upperbounditself was
computedwith a con dencelevel of 99% usingthe compu-
tationof Zhou& Sujuan(1997. Theresultsaresummarized
in the last setof columnsin Table 1. We reportwhether
the log-normalitytestpassedthe averageof the countsob-
tainedover the 100 runs, the value of the statisticalupper
boundcmnax, andthetotal time for the 100runs. We seethat
the upperboundsareoften obtainedwithin secondor min-
utes,andare correctfor all instancesvherethe estimation
methodwas successfuli.e., the log-normality test passed)
and true countsor lower boundsare known. In fact, the
upperboundsfor theseformulas (exceptlang-2-23 ) are
correctw.r.t. the bestknown lower boundsandtrue counts



evenfor thoseinstancesvherethelog-normalitytestfailed
and a statisticalguaranteecannotbe provided. The Lang-
ford problemfamily seemdo be at the boundaryof appli-
cability of the MiniCount approach,as indicatedby the
alternatingsuccesseand failures of the testin this case.
The approachis particularly successfubn industrial prob-
lems (the circuit synthesisand FPGA routing problems),
whereupperboundsare computedwithin secondsOur re-
sultsalsodemonstrat¢hata simpleaverageof the 100runs
providesa very goodapproximatiorto the numberof solu-
tions. However, simpleaveragingcansometimedeadto an
incorrectupperbound,asseenn theinstancesvff-3-1.5
Is13-norm , alu2 _gr rcs w8, andvda _gr _rcs w9, where
the simpleaverageis belav thetrue countor alower bound
obtainedindependently This justi es our statisticalframe-
work, which aswe seeprovidesmorerobustupperbounds.

Conclusion

This work brings togethertechniquesfrom messageass-
ing, DPLL-basedSAT solvers, andstatisticalestimationin
an attemptto solve the challengingmodel counting prob-
lem. We shawv how (a dampediorm of) BP canhelp signif-
icantly boostsolution countersthat producelower bounds
with probabilisticcorrectnesguaranteesBPCount is able
to provide goodquality boundsin afractionof thetime com-
paredto previous,sample-basethethods We alsodescribe
the rst effective approactfor obtaininggoodupperbounds
onthesolutioncount.Ourframework is generabndenables
oneto turn ary state-of-the-arcomplete SAT/CSP solver
into an upperboundcounter with very minimal modi ca-
tionsto the code.Our MiniCount  algorithmprovably con-
vergesto anupperbound,andis remarkablyfastat providing
goodresultsin practice.
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