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Abstract

Decisiontreesplay an essentialrole in many classi�cation
tasks.In somecircumstances,weonly wantto consider�xed-
depthtrees. Unfortunately, �nding the optimal depth-d de-
cision tree can require time exponential in d. This paper
presentsafastwayto producea�x ed-depthdecisiontreethat
is optimal underthe Nä�ve Bayes(NB) assumption.Here,
weprove thattheoptimaldepth-d featureessentiallydepends
only on theposteriorprobabilityof theclasslabelgiven the
testspreviouslyperformed,but notdirectlyoneithertheiden-
tity northeoutcomesof thesetests.Wecanthereforeprecom-
pute,in afastpre-processingstep,whichfeaturesto useatthe
�nal layer. This resultsin a speedupof O(n= log n), where
n is thenumberof features.Weapplythis techniqueto learn-
ing �x ed-depthdecisiontreesfrom standardUCI repository
datasets,and�nd thismodelimprovesthecomputationalcost
signi�cantly. Surprisingly, thisapproachstill yieldsrelatively
high classi�cationaccuracy, despitetheNB assumption.

1 Intr oduction
Many machinelearningtasksinvolve producinga classi�-
cationlabelfor aninstance.Thereis sometimesa �x edcost
that theclassi�er canspendper instance,beforereturninga
value;considerfor example,per-patientcapitationfor med-
ical diagnosis. If the testscan be performedsequentially,
then the classi�er may want to follow a policy (Sutton&
Barto 1998) — e.g., �rst perform a blood test, then if its
outcomeis positive,performa liver test;otherwiseperform
aneye exam. This processcontinuesuntil thefundsareex-
hausted,at whichpoint theclassi�er stopsrunningtestsand
returnsanoutcome;either“healthy” or “sick”.

Such policies correspondnaturally to decision trees.
Therearemany algorithmsfor learninga decisiontreefrom
a datasample;mostsystems(Quinlan1993;Breimanet al.
1984)usesomeheuristicsthatgreedilyseekthedecisiontree
thatbest�ts thesample,beforerunninga post-processorto
reduceover�tting. This paperfocuseson thechallengemo-
tivatedabove: of �nding thebest“�x ed-costpolicy”, which
correspondsto �nding the�x eddepthdecisiontreethatbest
matchesthe datasample. Thereareseveral algorithmsfor
this task,which typically usedynamicprogrammingto �nd
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the “optimal” depth-d decisiontree,i.e., the treethatmini-
mizesthe0/1-lossover the trainingdata. Thesealgorithms
areinvariablyexponentialin thedepthd, andspendalmost
all of their time determiningwhich featuresto testat �nal
level, d (Auer, Holte, & Maass1995). If one is willing to
acceptthe “Na�̈ve Bayes”assumption(Duda& Hart 1973)
— thatfeaturesareindependentof eachothergiventheclass
— thenthereis an ef�cient way to computethe �nal layer
of depth-d features.In particular, underthis assumption,we
prove that the optimal depth-d featureessentiallydepends
only on theposteriorprobabilityof theclasslabelgiventhe
testspreviouslyperformed, but not the outcomesof the in-
dividual tests. We can thereforeusea fastpre-processing
stepto createaso-calledopt-feature list, OFL, thatidenti�es
which featureto useasa functionof theposteriordistribu-
tion, thenusethis list to quickly determinethe last level of
thetree.This techniqueresultsin aspeedupof O(n= logn),
wheren is thenumberof features,andeffectively meanswe
cancomputethe optimal depth-d treein the time typically
requiredto computetheoptimaldepth-(d � 1) tree.

Section2 surveys the relevant literature. Section3 sum-
marizingour OPTNBDT algorithmandprovesthe relevant
theories.Section4 presentsempiricalresultsthat validates
ourapproach,byapplyingit to thestandarddatasetsfrom the
UCI repository(Newmanet al. 1998)andelsewhere. The
webpage(Greiner2007)providesother information about
this system,andaboutour experiments. We �nd that our
approachsigni�cantly improvesthe computationalcost of
�nding a �x ed depthtree, surprisingat little or no loss in
accuracy.

2 Literatur e Review
As notedabove, therearemany algorithmsfor learningde-
cision trees. Many algorithms, including C4.5 (Quinlan
1993)andCART (Breimanet al. 1984),begin with a greedy
methodthat incrementallyidenti�es an appropriatefeature
to test at eachpoint in the tree, basedon someheuristic
score.Thenthesealgorithmsperformapost-processingstep
to reduceover�tting. In our context of “shallow” decision
trees,over�tting is notasbig aconcern,whichexplainswhy
many of thealgorithmsthatseek“�x eddepth”decisiontrees
simply return the tree that best �ts the data (Holte 1993;
Dobkin, Gunopoulos,& Kasif 1996;Auer, Holte, & Maass
1995). Thesealgorithms can easily be extendedto al-
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Figure1: DecisionTreeT1, asit is beingbuilt.

low different tests to have different costs (Turney 2000;
Greiner, Grove,& Roth2002). In general,thesealgorithms
requireO(nd) time to �nd the bestdepth-d decisiontree
over n variables.While this is a polynomial-timecomplex-
ity for �x edd, in practiceit is not effectiveexceptfor small
n and tiny d. The resultsin this papershow that onecan
achieveamoreef�cient processby imposingaconstraint—
herethe“Na�̈veBayes”assumption(Duda& Hart 1973)—
to speeduptheprocess.

Thereis, of course,a largebodyof work onbuilding clas-
si�ers basedon Nä�ve Bayessystems(Domingos& Paz-
zani1997;Lewis1998),andonanalyzingandcharacterizing
their classi�cation performance(Chan& Darwiche2003).
Thoseresults,however, differ signi�cantly from our task,
which explicitly involves learninga decisiontree; we use
only theNä�ve Bayesassumptionin modelingtheunderly-
ing distribution over instances.(But seetheempiricalcom-
parisonsin Section4.)

Several other systemsattemptto learnoptimal decision
trees.TheGTO system(Bennett& Blue1996)learnsadeci-
siontreeby simultaneouslyoptimizinga setof “disjunctive
linear inequalities”— minimizing a nonlinearerror func-
tion overa polyhedralregion,whoseextremepointscontain
theoptimumsolution.TheDL8 system(Nijssen& Fromont
2007)usesa dynamicprogramto producea decisiontree
that optimizesthe “ranking function”, which is basedon
constraintsthat involve variouspropertiesof the decision
tree,includingits trainingseterror, its expectedgeneraliza-
tion error, its numberof nodes,andits depth. By contrast,
our goal is to quickly �nd a “near-optimal” tree,by seeking
a tree that would have optimal classi�cation performance,
underthenä�vebayesassumption.

Turney (2000)discussesthegeneralchallengeof learning
the bestclassi�er subjectto someexplicit cost constraint.
Here,our “max depth” requirementcorrespondsto a con-
strainton thecostthattheclassi�er mustpayto seethefea-
turesat performancetime.

3 OPTNBDT Algorithm

3.1 Foundations

Assumetherearen featuresF = f F (1) ; : : : ; F (n ) g where
eachfeatureF ( j ) rangesover ther F ( j ) � r valuesVF ( j ) =

f f ( j )
1 ; : : : ; f ( j )

r
F ( j ) g, andtherearetwo classesC = f + ; �g .1

A “decisiontree” T is a directedtreestructure,whereeach
internalnode� is labeledwith a featureF (� ) 2 F , each
leaf ` 2 L (T) is labeledwith oneof theclassesc(`) 2 C,
andeacharc descendingfrom a nodelabeledF is labeled
with a valuef 2 VF . We canevaluatesucha treeT on a
speci�c instancef = f F ( j ) = f ( j )

i gj , to producea value
VAL(T; f ) 2 Casfollows: If thetreeis a leaf T = `, return
its labelc(`) 2 C; thatis, VAL(T; f ) = c(`). Otherwise,the
rootof thetreeis labeledwith afeatureF 2 F . Wethen�nd
theassociatedvaluewithin thef (sayF = f ), andfollow the
f -labelededgefrom the root to a new subtree;thenrecur.
The value of VAL(T; f ) will be the value of that subtree.
Hence,given the instancef = f A = + ; B = � ; : : : g
and the tree T1 in Figure 1, the value of VAL(T1; f ) will
be thevalueof thesubtreerootedin theB -labelednodeon
this instance(aswe followedtheA = + arcfrom theroot),
whichin turnwill bethevalueof thesubsubtreerootedin the
D-labelednode(correspondingto the subsequentB = �
arc),etc. We saya decisiontreeT is “correct” for a labeled
instancehf ; c i if VAL(T; f ) = c. A labeleddatasetis a set
of labeledinstancesS = fh f ( j ) ; c( j ) ig j .

Ourgoalis to �nd thedepth-d decisiontreewith themax-
imum expectedaccuracy, givenour posteriorbeliefs,which
are constructedgiven a nä�ve bayesprior and the dataset
S. To de�ne expectedaccuracy, we must �rst de�ne the
notion of a path � (� ) to any node� in the tree, which is
the sequenceof feature-value pairs leading from the root
to that node;hence,the pathto the ? nodein Figure1 is

� ( ? ) = hhA; + i ; hB ; � i ; hD ; � i i . We canusethisno-
tion to de�ne theprobability2 of reachinganode,whichhere
is P( “reaching? ” ) = P( � ( ? ) ) = P( A = + ; B =
� ; D = � ).

In general,theaccuracy of any treeT is

Acc( T ) =
X

` 2L (T )

P( � (`) ) � Acc( � (`) )

overthesetof leafnodesL(T). Notethatthisaccuracy has
beenfactoredinto a sumof the accuraciesassociatedwith
eachleaf: it is the probability P( � (`) ) of reachingeach
leaf node` 2 L (T) timesthe (conditional)accuracy asso-
ciatedwith that nodeAcc� ( ` ) ( ` ) = P( C = c(`) j � (`) ).
This factoringtells us immediatelythat we can decideon
theappropriateclasslabelfor eachleaf node,c� (` j� (`) ) =
argmaxc P( cj � (`) ), with anassociatedaccuracy of

Acc� ( � (`) ) = max
c

P( cj � (`) ) (1)

basedonly on the singlepath; i.e., it is independentof the
restof thetree.

1We useCAPITAL lettersfor variablesandlowercasefor val-
ues,andbold for setsof variables.

2All probability values,aswell asAccuracy scores,arebased
on a posteriorgeneratedfrom a Nä�ve BayesPrior andthelabeled
data S. Note also that we will use various forms of Acc� ( � ),
for trees,pathsandfeaturesappendedto paths;here,themeaning
shouldbeclearfrom context.



We are searching for the “best” depth-d tree,
argmaxT 2 DT(d) Acc( T; S), where DT(d) is the set of
decisiontreesof depthat most d — i.e., eachpath from
root to any leaf involves at most d variables. An earlier
system(Kapoor& Greiner2005)precomputedtheaccuracy
associatedwith eachpossiblesequenceof d tests(requiring
O(

� n
d

�
r d) time), and then constructedthe best tree given

thesevalues, which required O((nr )d ) time. Here we
presenta different techniquethat requires less time by
precomputinga data structure that quickly provides the
optimalfeatureto usefor eachpositionin thebottomrow.

To understandour approach,considerdeterminingthe
feature F (� ) to use at the “�nal internal node” along
a path � (� ) — e.g., determinewhich feature to test at
? in Figure 1. As an obvious extensionof the above

argument,this decisionwill dependonly on the path � (� )
to this node. Then for the ? node, it will dependon

� ( ? ) = hhA; + i ; hB ; � i ; hD ; � i i . Given our NB
assumption,for any featureF 2 F (exceptthefeaturesin �
— i.e., exceptfor A, B , andD), thecomponentof accuracy
associatedwith thepaththatbeginswith � thenperformsF
(andthendescendsto theleaf nodesimmediatelyunderthis
F ), is

Acc( � � F )

=
X

f 2V F

P( � ; F = f ) � Acc� ( � � F = f )

=
X

f 2V F

P( � ; F = f ) � max
c

P( C = cj � ; F = f )

=
X

f 2V F

max
c

P( C = c; � ; F = f )

=
X

f 2V F

max
c

P( c) P( � j c)P( f j c) (2)

= P( � )
X

f 2V F

max
c

P( C = cj � )P( F = f j C = c)

whereEquation2 is basedon theNä�ve Bayesassumption.
NotethatthefeatureF thatoptimizesAcc( � � F ) will also
optimize

Acc� ( F ) =
1

P( � )
Acc( � � F )

=
X

f 2V F

max
c

P( C = cj � )P( F = f j C = c):

While our analysiswill work for classesthat rangeover
any (�nite) numberof values,this paperwill focuson the
binarycase.Letting x � ;+ = P( C = + j � ) andabbreviat-
ing “F = f ” as“ f ”, wehave

Acc� ( F ) =
X

f 2V F

max
�

x � ;+ P( f j + )
(1 � x � ;+ ) P( f j � )

�

=
X

f 2V F

�
x � ;+ P( f j + ) if x � ;+ � P ( f j � )

P ( f j + )+ P ( f j � )

(1 � x � ;+ )P( f j � ) otherwise:

(3)

Figure2: ComputingAcc� ( F ) (Equation3).

OPTNBDT( d: int; P ( � ): distributionover f Cg [ F )
Computeopt-feature list

OFL = f F �
i (x) j x 2 [0; 1]; i = 1::dg

Build optimaldepth-d � 1 tree
usingDynamicProgramming

At eachlength-d � 1 path� ,
with associatedprobabilityx � ;+ = P( C = + j � )

Let ~F = hF �
1 (x+ ;� ); : : : ; F �

d� 1(x+ ;� ) i .
Let i � = min i f F �

i (x+ ;� ) 62� g bethe�rst in ~F not in �
UsefeatureF �

i � (x) at level d, after�

Figure3: OPTNBDT algorithm.

For �x ed valuesof P( F = f j C = c), this Acc� ( F )
value doesnot dependon the features in � nor their val-
ues,but only on x � ;+ ; we canthereforeexpressAcc� ( F )
asAcc( F; x � ;+ ) to make this dependency explicit. For any
valueof x � ;+ 2 [0; 1], eachsummandin Equation3, corre-
spondingto a singleF = f , is themaximumof two lines.
Over the set of r F values,this function is thereforea se-
quenceof at most1 + r F linearsegments;seeFigure2.

Before beginning to build the actualdecisiontree, our
OPTNBDT algorithmwill �rst computetheseAcc( F ( j ) ; x)
functionsfor eachF ( j ) . It thenusesthesefunctionsto com-
pute,for eachx 2 [0; 1], theoptimalfeature:

F �
1 (x) = argmax

F
f Acc( F; x)g: (4)

It also computesthe 2nd-bestfeatureF �
2 (x) for each x

value, as well as F �
i (x) for i = 3; 4; : : : ; d. We refer to

this f F �
i (x) j x 2 [0; 1]; i = 1::dg datasetastheOFL (“opt-

featurelist”).
The OPTNBDT algorithmthenusesa dynamicprogram

to build the tree, but only to depth d � 1. Whenever it
reachesa depthd � 1 node,at the end of the path � =
hhF� (1) ; f � (1) i ; hF� (2) ; f � (2) i ; : : : ; hF� (d� 1) ; f � (d� 1) i i ,
with associatedconditionalprobabilityx � ;+ , it thenindexes
thisx � ;+ into theOFL, whichreturnsanorderedlist of d fea-
tures, ~F (x+ ;� ) = hF �

1 (x+ ;� ); : : : ; F �
d (x+ ;� ) i . OPTNBDT

thenreturnsthe�rst Fi that is not in the ~F (x+ ;� ) list. This
algorithmis shown in Figure3.

To make this moreconcrete,imaginethat in Figure1 the
list associatedwith � ( ? ) = hhA; + i ; hB ; � i ; hD ; � i i



andx � ;+ = 0:29 was ~F (0:29) = hB ; A; E ; D i . While we
would like to usethe�rst valueF �

1 (0:29) = B asit appears
to bethemostaccurate,we cannotuseit asthis featurehas
alreadybeenappearedin this � path and thereforeEqua-
tion 3 doesnot apply. OPTNBDT would thenconsiderthe
secondfeature,whichhereis F �

2 (0:29) = A. Unfortunately,
asthatappearsin � aswell, OPTNBDT haveto considerthe
third feature,F �

3 (0:29) = E. Sincethat doesnot appear,
OPTNBDT labelsthe ? nodewith this “E” feature.

3.2 Implementation
This section provides the details of our implementation,
which requiresrecursively computingx = x � ;+ , andcom-
putingandusingtheopt-featurelist, OFL.

Computing x � ;+ : It is easyto obtainx � ;+ aswe grow the
path� in thedecisiontree.Here,wemaintaintwo quantities,
y+

� = P( � ; C = + ) andy�
� = P( � ; C = � ), thenfor

any path� , thensetx � ;+ = y +
�

y +
� + y �

�
. For � 0 = fg , yc

� 0
=

P( C = c) for c 2 f + ; �g . Now consideraddingonemore
feature-valuepairhF; f i to � t , to form � t +1 = � t � hF; f i .
Thenthanksto our NB assumption,yc

� t +1
= yc

� t
� P( F =

f j C = c).

Computing and usingthe OFL: As notedabove,OFL corre-
spondsto a setof piecewiselinear functions(seeFigure2),
eachof which is theunionof a �nite numberof linearfunc-
tions. Formally, a piecewise linear function f : [0; 1] ! <
(with k pieces)canbedescribedby a sequenceof realnum-
ber triples h(a1; m1; b1); : : : ; (ak ; mk ; bk ) i wherethe ai s
areendpointssuchthat 0 = a0 < a1 < : : : < ak = 1,
andfor all i 2 f 1; : : : ; kg we have f (x) = m i x + bi for all
x 2 [ai � 1; ai ].

A linear function is a piecewise linear functionwith one
piece. The sumof two piecewise linear functionswith k1
andk2 piecesis a piecewise linear function with no more
thank1 + k2 � 1 pieces.Wecancomputethissumin O(k1 +
k2) time, as eachcomponentof the sum f = f 1 + f 2 is
just the sumof the relevant m andb from both f 1 andf 2.
Similarly, the maximumof two piecewise linear functions
with k1 andk2 piecesis a piecewiselinearfunctionwith no
more than (k1 + k2) pieces. This computationis slightly
moreinvolved,but canbedonein a similarway.

For eachfeatureF andeachvaluex � 2 [0; 1], weneedto
computethesumoverall jVF j � r valuesof F = f :

Acc� ( F ) =
X

f 2V F

Acc� ( F = f )

Acc� ( F = f ) =
8
<

:
x � ;+ P( f ( j )

i j + ) if x � ;+ �
P ( f ( j )

i j � )

P ( f ( j )
i j + )+ P ( f ( j )

i j � )

(1 � x � ;+ )P( f ( j )
i j � ) otherwise:

We computethis total by adding the associatedjVF j �
r piecewise linear functions, f Acc� ( F = f )gf 2V F . We
can do this recursively: Letting r = jVF j and ` i =
Acc� ( F = f i ) be the i th function, we �rst de�ne `12 =

`1 + `2 as the sum of `1 and `2, `34 = `3 + `4, and so
forth until ` r � 1;r = ` r � 1 + ` r ; we next let `14 = `12 + `34,
`58 = `56 + `78, etc.;continuinguntil computing̀ 1;r which
is thesumoverall r functions.By recursion,onecanprove
thatthisresultingpiecewiselinearfunctionhasnomorethan
r + 1 pieces,andthatthetimecomplexity is O(r logr ), due
to logr levelsof recursion,eachof which involvesa totalof
O(2i � r =2i ) = O(r ) time.

NotethatEquation4 is themaximumof all of thepiece-
wiselinearfunctionsf Acc� ( F )gF 2F thatwereconstructed
in thepreviousstep.Weagainuseadivideandconquertech-
nique to reducethe problemof maximizingover n piece-
wiselinearfunctionsto sequenceof logn problems,eachof
maximizingover two piecewiselinearfunctions.An analy-
sissimilarto mergesortshowsthattheoverallcomputational
costof theprocessis O(nr log nr ).

When F �
1 (�) (Equation 4) involves k = O(nr ) lin-

ear piecesat arbitrary points, we can computeF �
1 (x) in

O(log k) = O(ln nr ) time, using a binary searchto �nd
the appropriatesegmentanda constantamountof time to
computethe valuegiven this segment. As we arecomput-
ing this maximumvalue,we canalsospecifywhich feature
representsthis segment.

We can computeF �
i (x) for i = 2; 3; : : : ; d in a simi-

lar way. Consequently, whenwe computethemaximumof
two functions,we alsostorethe d highestfunctionsat ev-
erypoint. Notetheamountof memorystoragerequiredhere
increaseslinearly in d.

Hence, each lookup function can be constructedin
O(nr log(nr )) time, requiresO(nr ) memoryto store,and
mostimportantly, canbe queried(to �nd theoptimalvalue
for aspeci�c x) in O(log(nr )) time. Notethatanä�veimple-
mentationthat merelytestsall the featuresin the last level
of the tree to constructthe leaves(called “NBDT” below)
will requirea time linear in nr , whereasour techniquehas
complexity logarithmicin nr .

Collectively, theseresultsshow
Theorem: Givenany labeleddatasetS over n r -ary vari-
ables and binary class labels, the OPTNBDT algorithm
(Figure 3) will computethe depth-d decisiontree that has
the highestaccuracy under the Nä�ve Bayesassumption.
Moreover, it requires O(njSj + (nr )d� 1d log(nr ) ) time3

andO(d(nr )d ) space.

4 Empirical Results
We performedan extensive setof experimentsto compare
the performanceof OPTNBDT to various learners,both
state-of-the-artdecisiontreelearners,andNä�ve Bayessys-
tems. This section�rst describesthe datasetsand experi-
mentalsetup,then the experimentalresultsand �nally our
analyses.

Experimental setup: Theexperimentsareperformedusing
ninedatasetsfromUCI MachineLearningRepository(New-
man et al. 1998) as well as our own BreastCancerand
ProstateCancer“single nucleotidepolymorphism”datasets

3TheadditionalnjSj term is the time requiredto computethe
basicNä�ve Bayesstatisticsover thedatasetS.



Table1: Datasetsusedin theexperiments
Num. Num. Num. Abbre-

Dataset features instances feature viation
values

Tic- 10 985 27 Tic
tac-toe
Flare 10 1066 31 Flr

Hepatite 13 80 26 Hep
Crx 13 653 30 Crx
Vote 16 435 48 Vot

Lymph- 18 145 50 Lym
ography
Chess 36 3196 73 Chs

Connect-4 42 5000 126 Con
Prostate- 47 81 126 Prs
cancer

Promoters 58 106 228 Prm
Breast- 98 332 392 Snp
cancer

obtainedfrom our colleaguesat theCrossCancerInstitute.
All the selecteddatasetshave binary classlabels. Table1
characterizesthesedatasets.

Theexperimentsareperformedusing5-fold crossvalida-
tion, performed20 times; we report the averageerror rate
andstandarddeviation acrossthesetrials. We comparethe
classi�cation performanceandrunningtime of OPTNBDT
with differentdepths— here2, 3 and4 — to thefollowing
�x ed-depthdecisiontrees:

� 3-ID3(Quinlan1986)isadecisiontreelearningalgorithm
that usesan entropy basedmeasureasits splitting crite-
rion, but stopsat depth3.

� 1-NBDT (Holte 1993)is a decisionstumpthat splits the
datawith only onefeature— i.e., it is a depth-onedeci-
siontree.

Experimental results: Figure4 shows theaverageclassi�-
cationerror rateandstandarddeviation of eachalgorithm.4

Weseethatnoalgorithmis consistentlysuperioroverall the
datasets.While deeperdecisiontreessometimesimprove
classi�cationperformance(classi�cationaccuracy increases
with thedepthof thetreefor theHep, Chs, Con, andPrm
datasets),deepertreescancauseover�tting, which mayex-
plain why shallower treescanbe better: Decisionstumps,
which only split the databasedon onefeature,outperform
theothertreesfor theflr , crx , andvot datasets.

Figure 4 shows that the classi�cation error of 3-
OPTNBDT is oftenlower thantheerrorsfrom 3-ID3, which
showsthattheoptimalNä�veBayes-baseddecisiontreescan
performbetterthanheuristic,entropy-basedtrees.In fact,a
pairedstudent's t-testover theseeleven datasetsshow that
both 3-OPTNBDT and2-OPTNBDT arestatisticallybetter
(more accurate)than 3-ID3 (at p < 0:05). As expected,

4We omit the4-OPTNBDT resultfor snp,asthattook too long
to run; seeFigure6.

Figure4: Averageclassi�cationerror (with 1 standardde-
viation bars)for 1-NBDT, 2-OPTNBDT, 3-OPTNBDT, 4-
OPTNBDT, 3-ID3 andNä�veBayesclassi�ers.

we found that (on average)the error improves for deeper
trees: 4-OPTNBDT (0.197) < 3-OPTNBDT (0.220) < 2-
OPTNBDT (0.238) < 1-NBDT (0.250), althoughnoneof
themethodsaresigni�cantly betterthanits neighbors.(Re-
call thatall of thesearebetterthan3-ID3, whoseaverageis
0.281.)

Figure4 alsoincludestheresultsof theNä�veBayesclas-
si�er. While it doesworks fairly well in many of these
datasets,notethat it is not a contender:recall thatour goal
is to producean effective shallow decisiontree,which in-
volvesonly a (small)subsetof thefeatures,probedsequen-
tially. However, theseNä�ve Bayessystemswill useall of
thefeaturevalues,whichmustall beavailable.

Running Time: Now considerthe running time of these
algorithms,aswell as3-NBDT, which implementsthe dy-
namicprogrammingalgorithmthatproducesthe�x eddepth
decisiontreethatis optimalover thetrainingdata,giventhe
Nä�veBayesassumption— i.e., thisd-NBDT algorithmex-
plicitly constructsandtestsall possibleleavesup to depthd,
whereasd-OPTNBDT usesa pre-computedopt-featurelist
(OFL) to ef�ciently constructthe �nal (depthd) level of the
decisiontree. Of course,thesetwo algorithmsgive exactly
thesameanswers.

The previous section proved that OPTNBDT is
O(log(n)=n) times faster than NBDT, where n is the
numberof features.To explore this claim empirically, we
extracted eighteenarti�cial datasetsfrom the Promoters
Prm) dataset,using3i features,for i = 1 : 18. Figure5
plots log(f (n) � n= logn) versus log(g(n)) , where
f (n) (resp., g(n)) is the run-time that 3-NBDT (resp.,
3-OPTNBDT) requiresfor n features. This con�rms that
OPTNBDT is signi�cantly more ef�cient than NBDT,
especiallywhentherearemany featuresin thedataset.

Figure6showstherunningtimeof thevariousalgorithms:
Eachline correspondsto oneof the algorithms,formedby
joining asetof (x; y) points,whosex valueis thetotalnum-
berof featurevalues

P
i r i = O(nr ) of a particulardataset,

andy is the (log of the) run time of the algorithmon that



Figure5: Comparing3-OPTNBDT vs 3-NBDT: g(n) and
f (n) = time that 3-NBDT and3-OPTNBDT requirefor n
features,respectively.

dataset.As expected,the 3-ID3 pointsare fairly indepen-
dentof this numberof features.The other lines, however,
appearfairly linearin this log plot, at leastfor largervalues
of

P
i r i ; this is consistentwith theTheorem.Finally, to un-

derstandwhy the4-OPTNBDT timing numbersarevirtually
identical to the 3-NBDT numbers,recall that 4-OPTNBDT
basicallyruns3-NBDT to producea depth-3decision,then
usestheOFL to computethe4th level. Thesenumbersshow
that the time requiredto computeOFL, andto useit to pro-
ducethe�nal depth,is extremelysmall. (Theactualtiming
numbersappearin (Greiner2007).)

5 Conclusion

Extensions:(1) While this paperonly discusseshow to use
theopt-featurelist to �ll in thefeaturesat thelast levelof the
tree,our techniquesarenot speci�c to this �nal row. These
ideascan be extendedto pre-computean optimal tree list
with the �nal depth-q subtreeat theendof a pathgiventhe
label posterior, ratherthanjust the �nal internalnode;i.e.,
so far, we have dealtonly with q = 1. While this will sig-
ni�cantly increasethecostof theprecomputationalstage,it
shouldprovide a signi�ant computationalgainwhengrow-
ing the actual tree. (2) A secondextensionis to develop
further tricks thatallow us to ef�ciently build andcompare
asetof relateddecisiontrees— perhapstreesthatarebased
onslightly differentdistributions,obtainedfrom slightly dif-
ferenttrainingsamples.This might be relevant in the con-
text of someensemblemethods(Dietterich2000),suchas
boostingor bagging,or in thecontext of budgetedlearning
of boundedclassi�ers (Kapoor & Greiner2005). (3) Our
approachusesa simplecostmodel,whereevery featurehas
unit cost. An obviousextensionwould allow differentfea-
turesto have differentcosts,wherethegoal is to producea
decisiontreewhose“costdepth”is bounded.5

5The“cost depth”of a leaf of a decisiontreeis thesumof the
costsof the testsof thenodesconnectingtheroot to this leaf; and
the“costdepth”of a treeis themaximalcostdepthover theleaves.

Figure 6: Run-time(log of seconds)of 4-OPTNBDT, 3-
OPTNBDT, 2-OPTNBDT, 1-NBDT, 3-ID3,and3-NBDT al-
gorithms

Contrib utions: Therearemany situationswherewe need
to producea �xed-depthdecisiontree— i.e., the bounded
policy associatedwith per-patientcapitation.Thispaperhas
presentedOPTNBDT, analgorithmthatef�ciently produces
theoptimal such�x ed-depthdecisiontree,giventheNä�ve
Bayesassumption— i.e., assumingthat thefeaturesarein-
dependentgiven theclass.We provedthat this assumption
impliesthattheoptimalfeatureatthelastlevel of thetreees-
sentiallydependsonly onx � ;+ 2 [0; 1], theposteriorproba-
bility of theclasslabelgiventhetestspreviouslyperformed.
We thendescribea way to ef�ciently pre-computewhich
featureis best,asa function of this probability value,and
then,whenbuilding thetreeitself, to usethis informationto
quickly assignthe�nal featureon eachpath.We prove the-
oreticallythatthis resultsin a speedupof O(n= logn) com-
paredto thenä�vemethodof testingall thefeaturesin thelast
level, thenprovideempiricalevidence,overabenchmarkof
eleven datasets,supportingthis claim. We alsofound that
OPTNBDT is not just ef�cient, but (surprisingly, given its
NB assumption)is often moreaccuratethanentropy based
decisiontreelearnerlike ID3.
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